Based on a nonlocal elasticity theory, a model for sigmoid functionally graded material (S-FGM) nanoscale plate with first-order shear deformation is studied. The material properties of S-FGM nanoscale plate are assumed to vary according to sigmoid function (two power law distribution) of the volume fraction of the constituents. Elastic theory of the sigmoid FGM (S-FGM) nanoscale plate is reformulated using the nonlocal differential constitutive relations of Eringen and first-order shear deformation theory. The equations of motion of the nonlocal theories are derived using Hamilton's principle. The nonlocal elasticity of Eringen has the ability to capture the small scale effect. The solutions of S-FGM nanoscale plate are presented to illustrate the effect of nonlocal theory on bending and vibration response of the S-FGM nanoscale plates. The effects of nonlocal parameters, power law index, aspect ratio, elastic modulus ratio, side-to-thickness ratio, and loading type on bending and vibration response are investigated. Results of the present theory show a good agreement with the reference solutions. These results can be used for evaluating the reliability of size-dependent S-FGM nanoscale plate models developed in the future.
Introduction
The nanoscale plates have attracted attention of scientific community in solid-state physics, materials science, and nanoelectronics due to their superior mechanical, chemical, and electronic properties. Conducting experiments with nanoscale size specimens is both expensive and difficult. Hence, development of appropriate mathematical models for nanostructures is an important issue concerning the application of nanostructures. The nanostructures are modeled into three main categories using atomistic [1, 2] , hybrid atomisticcontinuum mechanics [3] [4] [5] and continuum mechanics [6, 7] . Continuum mechanics approach is less computationally expensive than the former two approaches. Further, it has been found that continuum mechanics results are in good agreement with those obtained from atomistic and hybrid approaches. Due to the presence of small scale effects at the nanoscale structures, size-dependent continuum mechanics models such as the strain gradient theory (Nix and Gao [8] ), couple stress theory (Hadjesfandiari and Dargush [9] ), modified couple stress theory (Asghari et al. [10] ; Ma et al. [11] ; Reddy [12] ), and nonlocal elasticity theory (Eringen [13] ) are used.
The small size analysis using local theory overpredicts the results. Thus the consideration of small effects is necessary for correct prediction of micro/nano-structures. Peddieson et al. [14] applied nonlocal elasticity to formulate a nonlocal version of the Euler-Bernoulli beam model and concluded that nonlocal continuum mechanics could potentially play a useful role in nanotechnology applications. One of the wellknown continuum mechanics theory that includes small scale effects with good accuracy is the nonlocal theory of Eringen [6, 7, 13] . Unlike the local theories which assume that the stress at a point is a function of strain at that point, the nonlocal elasticity theory assumes that the stress at a point is a function of strains at all points in the continuum. Compared to classical continuum mechanics theories, nonlocal theory of Eringen has capability to predict behavior of the large nanosized structures, while it avoids solving the large number of equations.
Mathematical Problems in Engineering
Functionally graded material (FGM) is a class of composites in which the material properties vary smoothly and continuously from one surface to the other and thus eliminates the stress concentration found in laminated composites. The other advantage of FGM is that it mitigates singularities at intersections between interfaces usually presented in laminate composites due to their abrupt transitions in material compositions and properties. A generally FGM is made from a mixture of ceramic and metal. The FGM is a composite material whose composition varies according to the required performance. The increase in FGM applications requires accurate models to predict their responses. A critical review of recent works on the bending analysis of functionally graded (FG) plates can be found in Jha et al. [15] . Since the shear deformation has significant effects on the responses of FG plates, shear deformation theories such as first-order shear deformation theory (FSDT) should be used to analyze FG plates. If a high external pressure is applied to the composite plate and shell structures, the high stresses occurred in the structure will affect its integrity, and the structure, as the result, susceptible to failure. For these reasons, understanding the mechanical behavior of FGM plates and shells is very important to assess the safety of the shell and plate structure. Chung and Chi [16] proposed a sigmoid FGM (S-FGM), which is composed of two power-law functions to define a new volume fraction. The effect of loading conditions, the aspect ratio, and the change of elastic modulus on the mechanical behavior of S-FGM plates was investigated in Chi and Chung [17] . Recent work on the vibration, buckling, and geometrically nonlinear analysis of S-FGM plates and shells can be founded in Han et al. [18] and Han et al. [19] .
In the literature a great deal of attention has been focused on studying the bending, vibration, and buckling behavior of one-dimensional nanostructures using nonlocal elasticity theory (Aydogdu [20] ; Civalek and Demir [21] ; Reddy [22] ; Reddy and Pang [23] ; Reddy [24] ; Roque et al. [25] ; Wang and Liew [26] ; Wang et al. [27] ). These nanostructures include nanobeams, nanorods, and carbon nanotubes. In recent years, the application of FGMs has broadly been spread in micro-and nanoscale devices and systems such as thin films [28, 29] , atomic force microscopes [30] , micro-and nanoelectromechanical systems (MEMS and NEMS) [31, 32] . In such applications, size effects have been experimentally observed [33] [34] [35] [36] . On the contrary a few works appear related to the bending analysis of functionally graded material (FGM) nanoscale plate based on first-order shear deformation theory. The present study deals with the use of the nonlocal first-order plate theory in bending response of S-FGM nanoscale plates. Based on the nonlocal constitutive relations of Eringen, equations of motion of nanoscale plates are derived using Hamilton's principle. Closed-form solutions of deflection are obtained for simply supported S-FGM nanoscale plates. The effects of (i) nonlocal parameters, (ii) power law indexes, (iii) 1 / 2 ratios, (iv) aspect ratios, (v) side-to-thickness ratios, and (vi) loading types on nondimensional bending responses are investigated. To illustrate the accuracy of the present theory, the numerical examples are investigated and compared with those solutions from the previous literatures. The present work would be helpful while designing nano-electro-mechanical system and micro-electro-mechanical systems devices using the S-FGM nanoscale plates.
Review of Nonlocal Elasticity
According to Eringen [6, 7, 13] , the stress field at a point in an elastic continuum not only depends on the strain field at the point (hyperelastic case) but also on strains at all other points of the body. Eringen attributed this fact to the atomic theory of lattice dynamics and experimental observations on phonon dispersion. Thus, the nonlocal stress tensor components at point x are expressed as
where (x) are the components of the classical macroscopic stress tensor at point x and the kernel function (|x − x|, ) represents the nonlocal modulus, |x−x| being the distance (in Euclidean norm) and is a material constant that depends on internal and external characteristic lengths (such as the lattice spacing and wavelength, resp.). The macroscopic stress t at point x in a Hookean solid is related to the strain at the point by the generalized Hooke's law
where C is the fourth-order elasticity tensor and: denotes the "double-dot product" (see Reddy [22] ). In the nonlocal linear elasticity, equations of motion can be obtained from nonlocal balance law
where , take the symbols , , and , , and are the components of the body force, mass density and displacement vector [13] . By substituting (1) into (3), the integral form of nonlocal constitutive equation is obtained. Because solving an integral equation is more difficult than a differential equation, Eringen [6, 7, 13] proposed a differential form of the nonlocal constitutive equation as
in which the linear differential operator L was defined by
where is the nonlocal parameter, 0 is material constant which is defined by the experiment, and is the internal characteristic length. By applying this operator on (1), the constitutive equation can be simplified to
Equation (6) is simpler and more convenient than the integral relation (1) to apply to various linear elasticity problems.
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Plate Equations of Nonlocal Elasticity
Using (2) and (6), stress resultants introduced in plate and shell theories can be reformulated in terms of strain for the nonlocal theory. In plate theories based on plane-stress assumption, we take = 0 and the resulting theory becomes two-dimensional.
Consider a ( , , ) coordinate system with the -plane coinciding with the mid-plane of the plate. So the stress-strain relations of plane-stress can be expressed as
where = − / , and transverse shear stress-strain relation is expressed as
where , , , s the shear correction factoand take the symbols , .
The relations between stress resultants in local theory and nonlocal theory are defined by integrating (6) through the plate thickness:
where
The superscript denoted the quantities in local first-order shear deformation theory and ℎ is the thickness of the plate. The governing equation of the plate in nonlocal theory can be determined by integrating (3) through the plate thickness and noting (10)
. By multiplying (3) by and then integrating from it through plate thickness and using integrationby-parts, we obtain
In general, differential operator ∇ in (6) is the 3D Laplace operator. For 2D problems, the operator ∇ may be reduced to 2D one. Thus, the linear differential operator L becomes
It is clear that the operator L is independent of the direction.
Nonlocal First-Order Shear Deformation Theory
The classical plate theory is based on the Kirchhof assumptions, in which transverse normal and shear stresses are neglected. In the first-order shear deformation theory (FSDT), a constant state of transverse shear stresses is accounted for, and often the transverse normal stress is neglected. The displacement field of the first-order theory of plates is given by
where are the inplane displacements of point on the midplane (i.e., = 0) at = 0, is the transverse displacement of the mid-plane of the plate, and denotes the slope of the transverse normal on mid-plane. By substituting the displacement field into (12)- (13), we obtain
Then (16) for = and (17) can be combined to drive the following governing equations for flexural response of the nonlocal first-order plate theory:
Variational Statements
The variational statements facilitate the direct derivation of the equations of motion in terms of the displacements. Hence, we also present the variational form of governing equations which is useful in integral formulations and displacement finite element formulations. The governing equations of the first-order nonlocal plate theory can be derived using dynamic version of the principle of virtual displacement (Hamilton's principle)
By substituting nonlocal stress resultants in terms of the displacements into the principle of virtual displacements and integrate by part, the equations of motion can be obtained as follows:
Constitutive Relations of S-FGM Structures
The functionally graded material (FGM) can be produced by continuously varying the constituents of multiphase materials in a predetermined profile. The most distinct features of an FGM are the nonuniform microstructures with continuously graded properties. An FGM can be defined by the variation in the volume fractions. Most researchers use the powerlaw function, exponential function, or sigmoid function to describe the volume fractions. This paper uses FGM plates and shells with sigmoid function. The volume fraction using two power-law functions which ensure smooth distribution of stresses is defined as
By using the rule of mixture, the material properties of the S-FGM can be calculated by
(27b) Figure 1 shows that the variation of Young's modulus in (27a) and (27b) represents sigmoid distributions, and this FGM structure is thus called a sigmoid FGM structure (S-FGM structures). In this paper, the volume fraction using two power-law functions by Chung and Chi [16] is used to ensure smooth distribution of stresses among all the interfaces.
Consider an elastic rectangular plate and shell. The local coordinates and define the mid-plane of the plate and shell, whereas the -axis originated at the middle surface of the plate and shell is in the thickness direction. The material properties, both of Young's modulus and the Poisson's ratio, the upper and lower surfaces are different but are preassigned according to the performance demands. However, the Young's modulus and Poisson's ratio of the plates and shells vary continuously only in the thickness direction ( -axis); that is, = ( ), ] = ]( ). It is called functionally graded material (FGM) plate and shell.
The constitutive relations of the FGM structures are as follows:
The coefficients of (28) and (29) for FGM structures are defined as follows:
where is the shear correction factor ( = 5/6). For details see Han et al. [18] .
The Navier Solutions of S-FGM Nanoscale Plates
Here, analytical solutions for bending of simply supported S-FGM nanoscale plates are presented using the nonlocal first-order plate theory to illustrate the small scale effects on deflections of the nan-scale plates. For the static case, all time derivative terms are set to zero. For the set of simply supported boundary conditions, the analytical solution can be obtained [37] . According to the Navier solution theory, the generalized displacements at middle of the plane ( = 0) are expanded in double Fourier series as follows:
where Λ 1 = cos sin ⋅ , Λ 2 = sin cos ⋅ , and Λ 3 = sin sin ⋅ in which = / , = / , and is the natural frequency. By substituting (31) into (21)- (25), matrix form is as follows:
where {Δ} = { , , , , }, the superposed dots denote differentiation with respect to time, [K] is the stiffness matrix, [M] is the mass matrix, and { } is the force vector.
Numerical Results and Discussion
In order to validate, several numerical examples are solved to test the performance in bending analysis. Examples include 
The nondimensional displacement and frequency are defined as
A shear correction factor of 5/6 is used for FSDT plate theory. The calculated displacements based on FSDT plate theory with S-FGM power law index ( = 1) are compared with those reported by Thai and Choi [38] based on Mindlin plate theory (MPT) with P-FGM index (Table 2) . It can be observed that the present results are identical with those given by Thai and Choi [38] based on MPT. There is no difference between the present S-FGM results and those P-FGM results given by Thai and Choi [38] . This is due to the fact that the S-FGM material properties are identical with P-FGM, when the power law index is 1. Secondly, the analytical bending solutions are numerically evaluated here for an isotropic plate to discuss the effects of nonlocal parameter on the plate bending response. Table 3 shows the non-dimensional displacements of simply supported plates with various values of nonlocal parameter in homogeneous plates. The nanoscale plate is made of the following material properties:
The results based on FSDT plate theory with various values of nonlocal parameter are compared with those reported by Lee et al. [39] based on HSDT. It can be observed that the present results are identical with those given by Lee et al. [39] when the side-to-thickness ratio is 100. For the case of the /ℎ = 10, there is small difference between the present results and those given by Lee et al. [39] . This is due to the fact that Lee et al. [39] used HSDT to calculate the displacement, whereas the present results are based on the FSDT.
Thirdly, in Tables 4 and 5 , the calculated frequency based on FSDT plate theory with S-FGM power law index ( = 1) is compared with those reported by Thai and Choi [38] with P-FGM index. The present results are identical with those given by Thai and Choi [38] . As we expected, there is no difference between the present S-FGM results and those P-FGM results given by Thai and Choi [38] .
Fourthly, the results of S-FGM plates (see Figure 2 ) using the classical plate theory [17] are compared with present solutions using the FSDT for validation. The material properties are
The results of classical plate theory by Chi and Chung [17] and the results of first-order shear deformation theory are plotted in Figure 3 . It shows that the more of 1 / 2 brings the larger deflection, because lager 1 / 2 decreases the stiffness of the FGM plate. The present and reference results agree very well.
In order to investigate the effects of the aspect ratio / , the center deflection of the FGM plate is shown in Figure 4 . The center deflection increases upon raising the aspect ratio for / is less than 3. In Figures 3 and 4 , it is clear that the results show very good agreement, because of the large sideto-thickness ratio. As expected, the less side-to-thickness ratio is, the error is larger. In this study, all discussions are based on the first-order shear deformation theory.
Parameter Studies.
Consider a simply supported square plate with the material properties of (33) . Parameter studies are presented to investigate the influences of transverse shear deformation, nonlocal parameter ( = ), and power law index on bending responses of S-FGM nanoscale plate.
To illustrate the effect of nonlocal parameter on responses of S-FGM nanoscale plate, Figure 5 plots the deflection with respect to dimensionless nonlocal parameter for a simply supported S-FGM plate with = 1.0 and /ℎ = 10. The nonlocal parameters are taken as = 0, 1.0, 2.25, and 4. These values are taken because 0 in (5) should be smaller than 2.0 nm for carbon nanotubes as described by Q. Wang and C. M. Wang [40] . The inclusion of the nonlocal scale effect will decrease the stiffness of the S-FGM nanoscale plate, and consequently, leads to an enlargement of deflection. The effect of the power law index on the dimensionless deflection is presented in Figure 6 for a simply supported square plate with = 4.0 and /ℎ = 10. The increasing value of the power law index decreases the stiffness of the S-FGM nanoscale plates. It can be seen that increasing value of the power law index leads to an increase in the magnitude of deflection. When the nonlocal parameter (NT) is 0, a nonlocal S-FGM nanoscale plate is treated as a local nanoplate.
To show the effect of 1 / 2 of S-FGM nanoscale plate, Figure 7 plots the nondimensional displacement with = 4.0, = 1.0, and /ℎ = 10. In this case, 1 is varied and 2 is fixed. It shows that the more of 1 / 2 brings the smaller deflection, because lager 1 / 2 increases the stiffness of the S-FGM nanoscale plate. It is shown that the effects of side-to-thickness ratio on the dimensionless deflection is presented in Figure 8 for a simply supported square plate with = 4.0 and /ℎ = 10. Figure 8 clearly shows the diminishing effect of transverse shear deformation on deflections, the effect being negligible for side-to-thickness ratios larger than 30. The increasing value of the power law index leads to an increase in the magnitude of deflection and the increasing value of side-to-thickness ratio leads to a decrease in the deflection. As expected, the effect of transverse shear deformation is to increase deflection. The differences in deflection values predicted by the present model and the classical model are significant when the sideto-thickness ration is small, but they are negligible when the side-to-thickness ratio becomes larger. Figure 9 shows that the effect of power law index on the dimensionless deflection is presented for a simply supported square plate with various nonlocal parameters. The increasing value of the power law index decreases the stiffness and the increasing value of the nonlocal parameter increases the load vector of the S-FGM nanoscale plates. The increasing value of the power law index leads to an increase in the magnitude of deflection and the increasing value of the nonlocal parameter leads to an increase in the deflection. It is shown that the effect of the aspect ratio on the dimensionless deflection is presented in Figure 10 for a simply supported square plate with various nonlocal parameters and = 10.0. The increasing values of the aspect ratio ( / ) and nonlocal parameter decrease the stiffness of the S-FGM nanoscale plates. When the width of a nanoscale plate is very small compared to the length , it is treated as a nanoscale beam. The increasing value of the aspect ratio leads to an increase in the magnitude of deflection and the increasing value of the nonlocal parameter leads to an increase in the deflection. The nondimensional center deflection increases upon raising the aspect ratio for / less than 5. Figure 11 shows that the aspect ratio on the dimensionless deflection is presented for a simply supported square plate with various power law indexes and = 4.0. As we expected, the increasing value of power law index decreases the stiffness of the S-FGM nanoscale plates. For this reason, it increases the deflection. The nondimensional center deflection increases upon raising the aspect ratio for / less than 5. When the aspect ratio ( / ) is greater than 5, a S-FGM nanoscale plate is treated as a nanobeam.
To illustrate the effect of the loading type on responses of S-FGM nanoscale plate, Figure 12 magnitude compared to the uniform load. As we expected, it is observed that the deflections investigated under the uniform load are larger than those investigated under the sinusoidal load. It may be noticed that the load-displacement curve under the sinusoidal load exhibits the value of 20% of the uniform load.
Conclusions
Nonlocal elasticity model for bending analysis of sigmoid functionally graded materials (S-FGM) nanoscale plates is presented using a first-order shear deformation theory and Hamilton's principle. The present models contain one nonlocal parameter and can capture the size effect, and twoconstituent material variation through the plate thickness. Also, the present model can be reduced to the homogeneous nanoscale plates by setting 1 = 2 and S-FGM plates of local elasticity theory by setting the nonlocal parameter equal to zero. Analytical solutions for deflection of a simply supported rectangular S-FGM nanoscale plate are presented.
The numerical results reveal that the inclusion of the small scale effect and power law index leads to an enlargement of the magnitude of deflection. The differences in deflection values predicted by the present model and the classical model are significant when the side-to-thickness ratio is small, but they are negligible when the side-to-thickness ratio becomes larger.
From the present work the following conclusions are drawn.
(1) The inclusion of the nonlocal scale effect and increasing value of the power law index will decrease stiffness of the S-FGM nanoscale plate, and consequently, leads to an enlargement of deflection.
(2) The increasing value of side-to-thickness ratio leads to a decrease in the deflection. As expected, the effect of transverse shear deformation is to increase deflection.
(3) The increasing value of the aspect ratio leads to an increase in the magnitude of deflection. The nondimensional center deflection increases upon raising the aspect ratio for / is less than 5.
(4) As expected, it is observed that the deflections investigated under the uniform load are larger than those investigated under the sinusoidal load.
These predicted trends agree with the size effect at the micron scale observed in experiments. These results can be used for evaluating the reliability of size-dependent plate models developed in the future. Further, in the analysis of S-FGM structures it is necessary to include the nonlocal elasticity theory for nanoscale shell and other boundary conditions.
